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Noise-induced phase transition in soft Ising spins with a fluctuating interaction

Seunghwan Kim,* Seon Hee Park, and C. S. Ryu
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We investigate noise-induced phase transitions in soft Ising spins, which have continuous values, with a
fluctuating interaction within the framework of the mean-field scheme. The fluctuating interaction provides an
effective ferromagnetic coupling, leading to a ferromagnetic order. The interplay of the fluctuating interaction
and an additive noise leads to a reentrant transition, triple transitions, and a softening of the order parameter,
presenting a weak order in the ordered phase. In the limit of Ising spins the fluctuating interaction renormalizes
the mean field, reducing the critical intensity of the additive noise.@S1063-651X~97!10709-7#

PACS number~s!: 05.50.1q, 05.40.1j, 05.70.Fh, 05.70.Jk
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A noise-induced nonequilibrium phase transition in a d
namical system with multiplicative noise has been the to
of much recent investigation@1–11#. While an additive noise
in equilibrium provides a disordering effect, restoring a b
ken symmetry, the multiplicative noise coupled to the st
of the system induces an ordered symmetry-breaking s
The interplay of the additive and multiplicative noises pr
duces a reentrant transition, showing the ordered symme
breaking state only for intermediate intensities of the mu
plicative noise @4,11#. Most studies of the noise-induce
phase transition have usually considered the fluctuating
tential @4,6,8#, explaining its mechanism by the short-tim
behavior of a single element@9#. Recently, the effect of fluc-
tuating interaction has been studied showing the symme
breaking transition@7# and noise-enhanced multistabilit
@10#.

In this paper we investigate noise-induced phase tra
tions in soft Ising spins within the framework of the mea
field scheme. We introduce a fluctuating interaction into
system, showing that fluctuating interaction produces an
fective ferromagnetic coupling and thus induces a ferrom
netic state even in the absence of ferromagnetic coupl
The interplay of the fluctuating interaction and the addit
noise also leads to the reentrant transition. In the presenc
ferromagnetic coupling the system shows a softening of
order parameter, leading to triple transitions. The soften
implies the existence of a weak order in the ordered phas
the limit of Ising spins the fluctuating interaction renorma
izes the mean field, reducing the critical intensity of the a
ditive noise.

A system ofN coupled soft Ising spins under study
described by the equation of motion@12#

dxi

dt
5m~12xi

2!xi2
J

zi
(

j
~xi2xj !1sAj i~ t !, ~1!

where soft Ising spinsxi , i 51, 2, . . . ,N are real variables
when m→`, they asymptotically take on the values61
leading to the Ising spins. The sum in Eq.~1! runs overzi
soft Ising spins coupled with thei th soft Ising spin, describ-
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ing a ferromagnetic coupling which depends on the diff
ence of two soft Ising spins. In Eq.~1!, j i(t) is a Gaussian
white noise characterized by

^j i~ t !&50,

^j i~ t !j j~ t8!&5d i j d~ t2t8!,

where^ & means an ensemble average overj i(t)’s. sA mea-
sures the intensity of the additive noisej i(t) and is incorpo-
rated by the temperatureT[sA

2/2. Here we consider only the
system with non-negativeJ.

Equation~1! is invariant under a symmetric operation

xi→2xi , and j i~ t !→2j i~ t !. ~2!

In two- or higher-dimensional systems the inversion symm
try ~2! is broken for smallsA producing a ferromagnetic
~FM! state characterized by a nonzero order parametem
defined by

m[
1

N(
i

^xi&.

As sA increases, the equilibrium phase transition occurs
critical valuesAc recovering the inversion symmetry~2! and
producing a paramagnetic~PM! state withm50. This is the
well-known Ising-type phase transition.

To investigate effect of the fluctuating interaction, we i
troduce fluctuation into the ferromagnetic couplingJ as

J→J1sMh i~ t !,

whereh i(t) is a Gaussian white noise independent ofj i(t),
and characterized by

^h i~ t !&5^h i~ t !j j~ t8!&50,

^h i~ t !h j~ t8!&5d i j d~ t2t8!,

with an ensemble average^ & over j i ’s and h i ’s. sM mea-
sures the intensity of the fluctuating interaction providing
multiplicative noise. The fluctuating interaction does n
break the symmetry@Eq. ~2!# of the system. In the frame
work of the mean-field scheme, we replace the coupling te
3850 © 1997 The American Physical Society
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56 3851NOISE-INDUCED PHASE TRANSITION IN SOFT . . .
by the mean fieldm, obtaining the stochastic differentia
equation as a closed form ofxi5x,

dx

dt
5m~12x2!x2@J1sMh~ t !#~x2m!1sAj~ t !. ~3!

This approach has been applied successfully in a numbe
other stochastic problems@4,13#

The macroscopic behavior of Eq.~3! can be described by
the probability distributionP(x,t) of x at timet, whose evo-
lution is governed by the Fokker-Planck equation@14#

]P

]t
52

]

]xFm~12x2!x2S J1
sM

2

2 D ~x2m!GP~x,t !

1
sA

21sM
2 ~x2m!2

2

]2P

]x2 . ~4!

In the steady state, Eq.~4! gives the stationary probability
distribution

P~x!5
1

Z
exp@2U~x!#,

whereZ5*2`
` exp@2U(x)#dx, with

U~x!52mUm~x!1S J

sM
2 1

1

2D ln@sA
21sM

2 ~x2m!2#, ~5!

Um~x!52
m

sAsM
S 113

sA
2

sM
2 2m2D tan21FsM

sA
~x2m!G

2
1

2sM
2 F123m21

sA
2

sM
2 G ln@sA

21sM
2 ~x2m!2#

1
1

2sM
2 ~x2m!~x15m!. ~6!

Herem is given by the self-consistent equation

m5 f ~m![E
2`

`

xP~x!dx. ~7!

U(x) plays the role of an effective potential in the syste
We setm51, representingsA

2 , sM
2 , andJ in units of m.

According to Ref.@4# the critical points at which the tran
sition between the FM and PM states occurs are given by
roots of f 8(0)51, leading to

2
1

Z0
E

2`

`

xU1~x!exp@2U0~x!#dx51, ~8!

whereZ05*2`
` exp@2U0(x)#dx, with

U0~x!52F12J

sM
2 1

sA
2

sM
4 2

1

2G ln~sA
21sM

2 x2!1
x2

sM
2 ,
of

.

e

U1~x!52
2

sAsM
S 113

sA
2

sM
2 D tan21S sM

sA
xD

12F11
sA

2

sM
2 2J2

sM
2

2 G x

sA
21sM

2 x2 1
4

sM
2 x.

To obtain phase boundaries, we solve Eq.~8! numerically for
various values ofJ.

Figure 1 shows the critical lines which separate the F
and PM phases in thesA-sM plane for various values ofJ.
In the absence of the ferromagnetic coupling (J50) the sys-
tem shows double transitions assM increases for smallsA :
When sA50, the system is in the FM phase for all finit
sM , implying that the fluctuating interaction induces the fe
romagnetic order even in the absence of the ferromagn
coupling. For 0,sA,sAc[1.04, the system shows a ree
trant transition, leading to two transition pointssMc1 and
sMc2 at which two transitions, PM→FM→PM, occur, re-
spectively. AssA increases,sMc1 increases andsMc2 de-
creases.sMc1 andsMc2 meet atsAc . For sA.sAc the sys-
tem is in the PM state regardless ofsM , implying that the
disordering effect of the additive noise dominates the ord
ing effect of the fluctuating interaction entirely.

In the presence of the ferromagnetic coupling (J.0), the
system without fluctuating interaction shows an equilibriu
phase transition at a critical pointsAc(sM50). The phase
transition persists assM turns on, and increases up to som
value of sM , sMc0 . WhenJ50.6, sAc(sM50) andsMc0
are given by 0.78 and 0.53, respectively: AssM increases
over sMc0, sAc(sM) increases, and has a maximum val
1.04 atsMc[15.1. As sM increases further,sAc(sM) de-
creases approaching zero assM goes to infinity. Thus, for
sA,0.78, there is a single transition, FM→PM, assM in-
creases. For 0.78,sA,1.04 the reentrant transition occur
leading to the FM phase only in the intermediate values
sM . For sA.1.04 there is no phase transition showing t
PM phase for all values ofsM .

FIG. 1. Plots of phase diagram in thesA-sM plane for various
values ofJ: solid line for J50, long dashed line forJ50.6, short
dashed line forJ52, and dotted line forJ510. PM and FM rep-
resent paramagnetic and ferromagnetic phases, respectively.sA and
sM are in units ofm1/2, andJ is in units ofm.
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When J52, the behavior ofsAc(sM) is different with
that for J50.6: sAc(sM50) and sMc0 are given by 1.27
and 0.22, respectively. AssM increases oversMc0 ,
sAc(sM) decreases, and has a minimum value 0.94
sMc154.9. As sM increase oversMc1, sAc(sM) increases
and has a maximum value 1.05 atsMc2513.0. AssM in-
creases further,sAc(sM) decreases, approaching zero assM
goes to infinity. Thus forsA,0.94 or 1.05,sA,1.27 there
is a single transition, FM→PM, as sM increases.
For 0.94,sA,1.05, the triple transitions
FM→PM→FM→PM, occur assM increases. ForsA.1.27
there is no phase transition presenting the PM state fo
sM . WhenJ is large, a single transition FM→PM occurs as
sM increases for allsA,sAc, as shown in Fig. 1 with
J510.

Figure 2 shows the order parameterm, solution of the
self-consistent equation~7!, as a function ofsM for various
values of J at sA50.6. When J50, m50 for
sM,sMc150.85; and assM increases oversMc1, m in-
creases continuously, leading to the second-order phase
sition PM→FM. At sM5sMm511.5, m has a maximum
value 0.66, implying that the ordering effect of the fluctu
ing interaction is maximized. AssM increases further,m
decreases, which means that the interplay of the additive
multiplicative noises reduces the ordering effect of the fl
tuating interaction. AtsM5sMc2[47.9,m vanishes, leading
to the reentrant transition FM→PM. While sMc1 decreases
asJ increases,sMc2 does not change for smallJ, as shown
in Fig. 2. At some value ofJ, Jc50.305,sMc1 vanishes, and
aboveJc the system withsM50 is in the FM phase. When
J50.5, m has a dip, implying the existence of a weak ord
in the ordered phase. For largeJ, as shown in Fig. 2 with
J510, m decreases assM increases, and vanishes atsMc2,
leading to a single transition FM→PM.

Figure 3 shows a softening ofm for J52, leading to the
triple transitions atsA51. For smallsA , Fig. 3 shows a dip
of m assM increases: atsM50, m has a nonzero value. A
sM increases,m decreases, and has a minimum valuemmin at
sMd . As sM increases oversMd , m increases, and has

FIG. 2. Plots of the order parameterm as a function ofsM for
various values ofJ at sA50.6: solid line forJ50, long dashed line
for J50.3, short dashed line forJ50.31, dotted line forJ50.5, and
dash-dotted line forJ510. sA andsM are in units ofm1/2, andJ is
in units of m.
t
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maximum valuemmax at sMm ; and assM increases over
sMm , m decreases vanishing atsMc . The depth of the dip
mmin decreases assA increases and vanishes at a critic
point sAc leading to triple transitions. WhensA51, there
are three transition pointssMc1[2.5, sMc2[8.5, and
sMc3[19.5, at which the transitions FM→PM→FM→PM
occur, respectively.

In the limit of m→`, U(x) given by Eq.~5! has two
peaks atx56, implying that x is restricted to61. Since
Um(1)ÞUm(21), in order to remove divergence we reno
malizeUm(x) by subtractingF(x), characterized by

F~x!5
Um~21!2Um~1!

32
@~x323x!3212~x323x!#

1
Um~21!1Um~1!

2
~9!

near x561. Since F(61)5Um(61) and F8(61)
5F9(61)50, it does not influenceU(x) up to the second
order ofx61 except for renormalization ofU(x). Using the
steepest descent method in the limit ofm→`, U(x) reduces
to

U~s!5
J

sM
2 ln@sA

21sM
2 ~s2m!2#,

with an Ising spinsP$21,1%.
Neglecting a constant term, we transformU(s) into

U~s!52
2JH~m!

sA
2 s,

with an effective mean fieldH(m) given by

H~m!5
sA

2

4sM
2 lnFsA

21sM
2 ~11m!2

sA
21sM

2 ~12m!2G .

FIG. 3. Plots of the order parameterm as a function ofsM for
J52 at various values ofsA : solid line forsA51, long dashed line
for sA50.9, short dashed line forsA50.7, and dotted line for
sA50.4. sA andsM are in units ofm1/2, andJ is in units ofm.
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56 3853NOISE-INDUCED PHASE TRANSITION IN SOFT . . .
HereH(m) is a monotonic increasing function ofm. In the
limit of sM→0, H(m) reduces tom, which is consistent
with the mean field in the conventional Ising spin model. T
self-consistent equation~7! leads to

m5tanhF 2J

sA
2 H~m!G ,

producing the critical point

2J

sA
2 H8~0!5

2J

sA
21sM

2 51. ~10!

The critical line~10! shows a circle centered at origin wit
radiusA2J in plane ofsA-sM .

In this paper we investigated the effect of fluctuating
teraction on the soft Ising spins within the framework of t
mean-field scheme. Even in the absence of ferromagn
coupling, the fluctuating interaction induces an orde
symmetry-breaking state, implying that the fluctuating int
action produces the effective ferromagnetic coupling. T
noise-induced phase transition has different nature than
shown in Ref.@4#. In Ref. @4# the phase transition was in
duced by a fluctuating potential in the presence of a str
ferromagnetic coupling. The interplay of the additive no
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and the fluctuating interaction induces the reentrant transi
as shown in Ref.@4# and explained in Ref.@11#.

In the presence of ferromagnetic coupling, the syst
shows various types of phase transitions. For small addi
noise, the system shows a single transition, FM→PM, assM
increases. For intermediate additive noise, the system sh
double transitions, PM→FM→PM, as sM increases. For
some values ofJ and sA , the system shows triple trans
tions, FM→PM→FM→PM, assM increases. The interplay
of the ferromagnetic coupling, the additive noise, and
fluctuating interaction leads to a softening of the ord
parameterm showing a dip assM increases. The softenin
implies the existence of weak order in the ordered phase.
also obtained the renormalized mean field by the fluctua
interaction in the Ising spin limit. The renormalized me
field produces the critical line given by a circle centered
origin with radiusA2J in the sA-sM plane. We performed
numerical simulations of a two-dimensional system with t
fluctuating interaction, confirming that the mean-field a
proach has been applied successfully. The simulation res
will be presented elsewhere.
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en

u,
@1# P. de Kepper and W. Horsthemke, C. R. Acad. Sci. Ser. C187,
251 ~1987!.

@2# J. Garcı´a-Ojalvo, A. Herna´ndez-Machado, and J. M. Sanch
Phys. Rev. Lett.71, 1542~1993!.

@3# A. Becker and L L. Kramer, Phys. Rev. Lett.73, 955 ~1994!.
@4# C. Van den Broeck, J. M. R. Parrondo, and R. Toral, Ph

Rev. Lett.73, 3395~1994!; C. Van den Broeck, J. M. R. Par
rondo, J. Armero, and A. Herna´ndez-Machado, Phys. Rev.
49, 2639~1994!.
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